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The interior of compact stars is usually divided into two major parts,
the outer part called crust and the inner part called core. There are sev-
eral possibilities for the composition of these parts. One is a hybrid star,
in which the crust contains nuclear matter, while the inner core contains
quark matter. Since at large baryon densities one can work with effective
models, and nuclear and quark matter are usually described by different
models, some unification of the two parts is needed. We show two different
approaches for a composite model and some recent developments in hybrid
star constructions using the extended linear sigma model for modeling the
quark matter at the core.
PACS numbers: 12.39.Fe, 26.60.Dd, 26.60.Gj, 26.60.Kp
1. Introduction
In recent years much attention have been given to compact stars – the
densest objects of our Universe (the baryon density ρB ≈ 1015−1017 kg/m3)
– especially due to the recent and ongoing gravitational wave observations.
Owing to their high density mainly the strong interaction forms the mat-
ter inside the stars. It is possible that the density reaches such high values
– going towards the center of the star – that the deconfinement transi-
tion occurs and the core of the star contains quark matter. These kind
of compact stars are called hybrid stars. There are various approaches to
describe this hadron–quark transition. Here we present two possible real-
izations already introduced in earlier studies: statistical confinement, and
hadron-quark crossover with pressure interpolation. We also introduce the
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extended linear sigma model (eLSM) we used to describe the quark matter
phase.
2. Statistical confinement
The first approach was introduced in [1] and further discussed in [2] using
a hybrid quark-meson-nucleon (QMN) model, in which the deconfinement
transition is realized using an auxiliary bag field that modifies the Fermi-
Dirac distributions of the fermionic degrees of freedom, hence resulting in
the transition between the hadronic and quark phases.
The hybrid QMN model has a Lagrangian with contributions from nu-
cleons, mesons, quarks and the bag field. The nucleon part is a two-flavour
parity doublet model with mirror assignment, where the nucleon doublets
are identified with the N(938) nucleon and N(1500) excited nucleon states.
The details and parameterization of this model was done in [3] by fitting
to properties of normal nuclear matter. The mesonic part contains scalar-
isoscalar σ (f0(500)), the pseudoscalar-isovector pi (pi(137)) and the vector-
isoscalar ωµ (ω(783)) mesons in a linear sigma model type Lagrangian. In
the latest version of the model the ρ mesons were also included [2]. The
parameters of this part are fixed using tree-level meson masses and the pion
decay constant. The quark part is a two-flavour linear sigma model with
the appropriate Yukawa-couplings to the σ and pi mesons, where the cou-
pling constant can be determined from the tree-level constituent quark mass.
Finally, the contribution from the bag field b only contains a potential term:
L = −Vb =
κ2b
2
b2 −
λb
4
b4, (1)
where the parameters κb and λb are determined using the QCD vacuum
energy and the pseudocritical temperature at µB = 0.
Without introducing the bag field setting the parameters of the model
to reproduce physical properties of normal nuclear matter results in a too
shallow potential for the σ meson, which causes the chiral phase transition
to take place below normal nuclear saturation density at zero temperature,
which is definitely not physical. To solve this, we can introduce a so-called
statistical confinement, where the Fermi-Dirac distributions are modified.
At zero baryochemical potential (µB) and finite temperature the Polyakov-
loop can be used, however it does not affect the zero temperature region
with finite chemical potential. Instead, here we can modify the distribution
functions using the bag field in the following manner:
nN± = Θ(α
2b2 − p2)fN± , n¯N± = Θ(α
2b2 − p2)f¯N± , (2)
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nq = Θ(p
2
− b2)fq, n¯q = Θ(p
2
− b2)f¯q, (3)
fx =
1
1 + eβ(Ex−µx)
, f¯x =
1
1 + eβ(Ex+µx)
, x ∈ (N+, N−, q) (4)
where α is a free parameter, p is the three momentum, Ex =
√
p2 +m2x,
and µx is the chemical potential for x ∈ (N+, N−, q). The effect of the mod-
ified distribution functions is the suppression of quarks at low momentum,
which makes them to appear only at higher densities despite the low value of
themσ mass. On the other hand nucleons will be suppressed at high momen-
tum, which subsequently results in their disappearance at higher densities.
The grand potential is calculated using a mean-field approximation and
the gap equations are determined by considering b as a dynamical field as
well. At high densities ∂b/∂µB < 0, which gradually suppresses the contri-
bution from nucleons. After determining the zero-temperature equation of
state and solving the Tolman-Oppenheimer-Volkoff equations the obtained
M − R curves are consistent with current astrophysical measurements. As
a criticism of this model one might mention that it is difficult to reveal the
origin of such a bag field in fundamental theories. Moreover, while we might
expect the chiral and deconfinement transitions to occur close to each other,
according to lattice calculations at zero density, in this model there is a
significant gap between them (∆µB ≈ 600 MeV).
3. Hadron - quark crossover with p - interpolation
The second method was proposed in [4] and applies a smooth interpo-
lation between the p(ε) curves of the two phases. This approach assumes
that the quark degrees of freedom appear gradually with increasing density,
as the finite-size nucleons start to overlap. At intermediate densities nei-
ther the low density hadronic nor the high density quark equation of state
is applicable, instead one might want to find an appropriate interpolation
between the two regions.
In [4] the authors use the TNI2u and TNI3u hadronic equations of state
[5, 6], which were obtained using G-matrix calculations with two- and three-
body interactions, similarly to the APR equation of state, while hyperons
were also included in these models. The quark equation of state is obtained
from a three-flavour Nambu-Jona-Lasinio model with vector meson interac-
tions (see e.g. [7]).
The pressure – as a function of baryon density ρB – is defined in the
intermediate region as,
p(ρB) = pH(ρB)f−(ρB) + pq(ρB)f+(ρB), (5)
f±(ρB) =
1
2
(
1± tanh
(
ρB − ρ¯B
Γ
))
, (6)
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where ρ¯B is the middle of the intermediate region and Γ is its width. To
have a thermodynamically consistent equation of state we need to derive
the expression for the energy density from the pressure using the relation
p = ρ2B ∂(ε/ρB)/∂ρB . This induces the following expression for ε:
ε(ρB) = εH(ρB)f−(ρB) + εq(ρB)f+(ρB) + ∆ε, (7)
∆ε = ρB
∫ ρB
ρ¯B
(εH(ρ
′)− εq(ρ
′))
g(ρ′)
ρ′
dρ′, (8)
g(ρ′) =
1
2Γ
cosh−2
(
ρ′ − ρ¯B
Γ
)
. (9)
Using only the hadronic equation of state with hyperons, as it is well known,
one cannot obtain neutron stars with 2 solar masses. However, with this
interpolation it is possible to get such high-mass neutron stars while pre-
serving causality. In addition to the highly phenomenological nature of this
approach another criticism is that the authors of [4] consider a crossover
starting at densities as low as 2ρ0 (ρ0 = 0.16 fm−3), while nuclear collisions
do not show a significant overlap in the wave-functions of nucleons at such
low densities.
4. The extended linear sigma model
The model we use here to describe the quark sector is an Nf = 2 +
1 flavour (axial)vector meson extended linear sigma model (eLSM). The
Lagrangian and the detailed description of this model, in which in addition
to the full nonets of (pseudo)scalar mesons the nonets of (axial)vector mesons
are also included, can be found in [8, 9]. The model contains three flavours
of constituent quarks, with kinetic terms and Yukawa-type interactions with
the (pseudo)scalar mesons. In addition to the model described in [8], a
Yukawa term is also included between the quark and vector meson sector,
and a condensate for ω0 is also introduced, as in [10].
The grand potential is calculated using a mean-field approximation, in
which fermionic fluctuations are included at one-loop level, while the mesons
are treated at tree-level. The parameters of the model are determined with a
χ2 fit to tree-level meson masses and two-body decay widths, while requiring
that the model reproduce the lattice value of the pseudocritical temperature
at µB = 0. The quark-vector meson coupling GV is varied between 0 and
3. A higher GV value makes the equation of state stiffer, hence producing
higher-mass compact stars.
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Fig. 1. Mass–radius diagrams of hybrid stars constructed from the TNI3u and
eLSM equations of state using the pressure interpolation method. The different
curves show the diagrams obtained from using different values for ρ¯B and for the
GV quark-vector meson coupling.
5. Results
In our application we used the pressure interpolation method to construct
hybrid star equations of state from the TNI3u model and the eLSM. We
used the BPS equation of state to describe the low-density crust. We used
different values for the quark-vector meson coupling GV and for ρ¯B, while
we fixed the value of Γ = ρ0. Then we solved the Tolman-Oppenheimer-
Volkoff equations to obtain the mass–radius relations. These diagrams are
shown in Fig. 1 together with the 2 solar mass constraint and the radius
constraint from GW170817 [11]. We see that for high-enough values of the
vector meson coupling the curves reach the 2 solar mass limit, while they
have an almost vertical region (with R ≈ const.) for ρ¯B = 3ρ0.
6. Conclusion
We gave an overview of several methods of how one can construct hybrid
star equations of state from a low-density hadronic and a high-density quark
model. We also presented various mass–radius curves using the pressure in-
terpolation method to attach the equations of state from the TNI3u model
and the eLSM. We see that current astrophysical constraints can be sat-
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isfied in many ways and further, more precise radius measurements would
be required to narrow down these possibilities. It is worth to note that
the quark-vector meson coupling has a significant effect on the stiffness of
the equation of state, although even pure quark stars are not completely
excluded currently [10].
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